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The existence of multiple steady state in nonlinear models has 
received considerable attention in reaction engineering literature: 
since the early work of Liljenroth (1918), there has been much 
research analyzing this multiplicity in chemical reacting sys- 
tems. Recent comprehensive reviews of this phenomenon were 
presented by Mobidelli et al. (1986) and Razon and Schmitz 
(1987). Thus, the steady state and transient behavior in individ- 
ual CSTRs (continuously stirred tank reactors) have been 
thoroughly discussed.’ 

The problem of multiplicity and transient behavior in a couple 
of CSTR’s in series was not the subject of systematical discus- 
sion until 1980. Kubicek et al. (1980) used a numerical method 
to analyze multiplicity and stability in a sequence of two 
nonadiabatic-nonisothermal CSTRs. They discovered that seven 
steady states are the maximum number of multiple steady states 
in such a system. Later, Varma (1980), in a similar study on the 
number and stability of steady states in a sequence of two 
CSTR’s, showed that its maximum number is seven. Svoronos et 
al. (1982). in their study on the complex dynamic behaviors of 
steady state, also found that in such a system its maximum 
number is seven. In addition, Dangelmayr and Stewart (1984) 
deduced the pattern of steady-state multiplicity of the system 
using the singularity theory. However, almost all this research 
was carried out on the basis that only the ideal mixing takes 
place in CSTR’s. They failed to consider that the ideal mixing of 
their models cannot be obtained in real CSTR’s. 

The purpose of this note is to extend the research in the 
direction of real, nonideal mixing situation. We used the 
nonideal mixing model developed by Lo and Cholette (1983) to 
examine how steady-state multiplicity happened in two CSTRs 
in series where the reaction rate expression is --ya = kCa/ 
( I  + KCa)’. When the two CSTR’s are in series and under 
nonideal mixing situation, the necessary and sufficient condi- 

and 
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tions for multiple steady states in the individual CSTRs are 
discussed. We found that, under nonideal mixing in the two 
CSTR’s in series, the maximum number of steady states of 
multiplicity is nine. This is a remarkable discrepancy as com- 
pared to that when such a system is under ideal mixing, the 
maximum number being seven. 

Mathematical Model 
We use Cholette’s model of two CSTRs coupled in seeies, as 

shown in Figure 1. The parameters m, and m2 are the fractions 
of the total volume that are perfectly mixed in the first and 
second CSTRs, respectively. The parameters n,  and n2 are the 
fractions of the feed entering the zone of perfect mixing in the 
first and second CSTR, respectively. When m,, m,, n, and n2 are 
all equal to 1, both CSTRs are in an ideal mixing situation. 
When any one of above parameter is not equal to 1, the whole 
system is not under ideal mixing. Here, we assumed these 
parameters are always known by residence time distribution. 

Referring to Figure 1, the mass balance equations for the first 
CSTR during steady state are written as 

and 

n,Xa,{ + (1 - nl)Xao =Xu,] 

and for the second CSTR, 

(4) 
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Cao Cao_+. G,I Ca,1 

Figure 1. Cholette's model of two CSTR's coupled in 
series. 

Xu,, z 8 (10) 
$- CaI2  

CLT Another necessary condition for steady-state multiplicity can 

where 

.(l-rn, v 

Xuo = KCao 

Da, = kri 

7; = VJqi 

Xu,; = KCal. 

= KCa,i 

i =  1 , 2  

g i - r n 2 v  ,, be found through the condition according to Perlmutter's 

The lefthand terms of Eqs. 1 and 3 are the dimensionless net 
inputs of reactant A into the first and second CSTR, respec- 
tively. The righthand terms of those equations are the dimension- 
less consumption rates of the chemical reaction in each CSTR. 

Necessary Conditions for Multiplicity 
Using the bifurcation theory, we can derive the necessary 

conditions for multiplicity in each CSTR. In the first tank, one 
of the necessary condition is calculated by simultaneously 
solving Eq. 1 and its derivative with respect to Xu,', . Then it is 
obtained as, 

Similarly in the second CSTR, 

From Eqs. 5 and 6, we easily find the following roots, 

Xuo -t JXao(Xao - 8 )  
Xu,', +, Xu,; - = 4 (7) 

and 

Hence, in each CSTR, one necessary condition for steady-state 
multiplicity is determined: 

In thejirst tank 

n ,  
m1 

Da, 2 27 - . 

Similarly, for the second CSTR, 

From the above results, we know that the necessary conditions 
(Eqs. 9 and lo), under nonideal mixing, are the same as those 
under ideal mixing; however, the other necessary conditions 
(Eqs. 11 and 12), under nonideal mixing, are different from 
those under ideal mixing because the condition for ideal mixing 
is 

For the first CSTR, the difference is factor n , /ml ,  and for the 
second CSTR, n2/m2.  The values of these factors affect the 
ordinate values Da, and Da,, respectively, in the exact regions of 
steady-state multiplicity. In the first CSTR, when the value 
nl / rnI  is larger than 1, the exact region of steady-state multiplic- 
ity shifts upward. Likewise, when the value of n, /m,  is smaller 
than 1, the exact region of steady-state multiplicity shifts 
downward. However, when the value of n,/m, is equal to I ,  the 
exact region of steady-state multiplicity does not shift and is the 
same as that under ideal mixing. 

Once again, for the first CSTR, the necessary conditions 
under nonideal mixing are stated by conditions 9 and 1 1. For the 
second CSTR, the necessary conditions under nonideal mixing 
are stated by conditions 10 and 12. For the two CSTR's in series 
the conditions under nonideal mixing are the combination of 
conditions 9 and 10, and the combination of conditions 11 and 
12. 

Suficient condition for multiplicity 
In the reaction system, when Da,, n,, m,, and Xu, do not 

satisfy the necessary conditions of multiplicity, as in Eqs. 7 and 
9, there exists a unique steady state. When Da,, n,, m,, and Xu, 
do satisfy the above necessary conditions, there is a condition 
that three steady states: 

the slope of AIXao 5 -nl / ( rn lDal )  

5 the slope of BIXao,  (14) 

where A ,  and B, are high and low bifurcation points for Xu,, 
A,Xao(BIXao) is the straight line that connect points A , ,  ( B , ) ,  
and Xu,. 

The abscissas of A ,  and B, are obtained through Eq. 7. The 

-- 
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ordinate values of A, and B, are obtained by the righthand term 
of Eq. 1. The condition is easily identified in Figure 2, whose 
uhvsical meaning is that the three steadv states must occur in 

Y - -  1 ,  

the range composed by AIXuo and B,Xuo. 

is defined as 
In a similar way, the sufficient condition for the second CSTR 

the slope of A2Xu,l 5 -n2/(m2Du2) 

5 the slope of B2Xu,,. (15) 

So long as there is no multiplicity in the first CSTR, A, and B, 
are high and low bifurcation points for Xu,,, respectively. The 
abscissas of A, and B, are obtained by Eq. 8. The ordinate values 
of A, and B, are obtained by the righthand term of Eq. 3. 

When multiplicity occurs in the first CSTR, the three steady 
states Xu!, , Xu:, and Xu:, exist. So, sufficient conditions can be 
given as follows: 

the slope of Xu!,A: 5 -n2/(m2Du2) 

5 the slope of Xu!,Bi; (16) 

the slope of XuTA? 5 -n2/(mzDu2) 

5 the slope of Xu:BY (17) 

and 

___ 
the slope of Xu:A; 5 -n2/(m2Du2) 

5 the slope of Xu:B;. (18) 

A:, Bi ,  A?, By, A;,  and B; are high and low bifurcation points 
for Xufl, Xu? and Xu:, respectively, The abscissas and ordinates 
of A:, Bt, A?, BY, A;,  and BY are obtained in a similar way. 

From the previous discussions, the necessary and sufficient 
conditions of multiplicity for the first and second CSTR are a 
combination of conditions 9 to 12, 14, and 16 to 18. A lack in any 
of the criteria (Eqs. 9 to 12, 14, and 16 to 18) would make the 
number of steady states smaller than nine. 

Proof of a multiplicity of nine steady states 

as: 
At steady state, the mass balance in the first CSTR is written 

Here, F ( 0 )  = a, F(Xu,) = 0; when the derivative of above 
equation is rearranged through Xu-, , 

The roots of Eq. 20 are the roots of the part enclosed in 
brackets, which can be written as 

In Eq. 21, roots of Xu,,,, Xu,,-  in the numerator are given by Eq. 
7 as the whole numerator is equivalent to Eq. 5. From Eq. 7, we 
see the value of Xu,,- is always 5 2 < 8. If Xu, < 8, Xu,,- does 
not exist. Furthermore, as shown in Figure 3, we see the low 
steady state of Xu!, is always smaller than Xu, ,_ ;  and the order 
of these values is Xu(, < Xu,,_ < Xu? < Xu,,, < Xu;. So, the 
outlet of steady state, Xu!,,  is always smaller than 8, as Xu!, < 
Xu,,- < 8. It means that for Xu!, in the first CSTR multiplicity 
does not occur in the second CSTR because the necessary 
condition of multiplicity Xu,, is larger than 8 in the second 

The d i m k i o n l e s s  ‘net input df reactant 

The dimensionless consumption 
rate of chemical reaction in the 

0 XOJ- 10 %,,20 30 Go40 50 

Xa,i 

Figure 2. Condition for multiplicity. 

Xa,l 

Figure 3. Low steady state of X?,. 
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CSTR. However, the values of Xa? and X a f ;  may be greater 
than 8, equal to 8, or smaller than 8. Hence, multiplicity occurs, 
when the values of Xa? and X a l  are larger than 8. Thus, under 
ideal mixing in two C S T R s  in series, the maximum number of 
steady states is seven. 

corresponds to Xu,,  , so, Xu,; 
is always smaller than 8. However, when Xu,’, is shifted by Eq. 2, 
it can make Xu,,  > 8. Thus, under nonideal mixing in two 
CSTR’s in series, multiplicity will occur. The maximum number 
of steady states is nine. 

Finally the sufficient conditions for multiplicity in this system 
are expressed as follows: 

Turning to nonideal mixing, 

Da22* = F ( X U , > ~ _ )  c mzDaz c F ( X U ; ~ + )  = Da2: (24) 
n2 

where Da, and Da* are the ordinate values a t  the bifurcation 
points (Xu.- and Xu,+).  

Notation 
A = low bifurcation point 
B = high bifurcation p i n t  

Ca = outlet concentration of reactant A of CSTR, mol/L 
Ca’ = concentration of reactant A in active space of CSTR, mol/L 
Ca, = feed concentration of reactant A, mol/L 
Da = Damkohler number, dimensionless = k7 

F = function, defined in Eq. 19 
K = constant, mol/L-’ 
k = reaction rate constant, s - ’  
m = fraction of the total volume which is perfectly mixed 
n = fraction of the feed entering the zone of perfect mixing 
q = flow rate, L/s 
V = reactor volume, L 

Xu, = KCa,, dimensionless 

Xu’ = KCa’, dimensionless 
Xu = KCa. dimensionless 

Greek letters 
T = reactor holdup time, s 

Superscripts 
I = lower steady state 

m = middle steady state 
u = upper steady state 
* = at the abscissa Xu,,, 

Subscripts 
1 = first CSTR 
2 = second CSTR 
* = at the abscissa Xu,,_ 

( i  = 1,2) 

fi = 1.21 
\ ~, 

ij = steady state within the ith CSTR caused by thejth steady state 
in the ( i  - 1)th CSTR ( j  = 1, 2 and 3 for lower, middle and 
upper steady state) 
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